In this paper, free vibration analysis of annular sector plates has been presented via conical shell equations. By using the first-order shear deformation theory (FSDT) equation of motion of conical shell is obtained. The method of discrete singular convolution (DSC) and method differential quadrature (DQ) are used for solution of the vibration problem of annular plates for some special value of semi-vertex angle via conical shell equation. The obtained numerical results based on the two numerical approaches for annular sector plates compare well with the results available in the literature. The effects of some geometric parameters, grid numbers and types of the grid distribution have been discussed for curved plates.
Introduction
As parallel to the computational sciences, different numerical methods have been developed and used in engineering problems. Vibration and buckling analysis are main task for many engineering disciplines such as aerospace, acoustics, civil, and mechanical engineering. Large capacities computer storage needed for some problems. Finite element method is very effective method and has been used many years for vibration and buckling modeling. During the modeling of engineering systems some typical members are widely used such as beams, plates and shells. Annular and annular sector plates have great deal of applications in different engineering and industrial design such as automobile, turbine, disc and fan. The read-*Corresponding Author: Hakan Ersoy: Akdeniz University, Engineering Faculty, Mechanical Engineering Dep., Division of Mechanics 070058, Antalya, Turkey; Email: hakanersoy@akdeniz.edu.tr Çiğdem Demir, Kadir Mercan, Ömer Civalek: Akdeniz University, Engineering Faculty, Civil Engineering Dep., Division of Mechanics 07058, Antalya, Turkey ers can be read the related documents for vibration and buckling solutions and methodology of plates and shells with different practical cases . Hutchinson gives a detailed solution for axisymmetric vibrations of a circular plate [25] . Free vibration of Mindlin circular plates have been detailed analyzed by Irie et al. [26] . Detailed results for frequencies of circular plates were listed by Leissa and Narita [27] . Different types of differential quadrature (DQ) methods have been used for vibration analysis of circular plates by Civalek [28, 29] . Liewet al. [30] analyzed the thick plates on elastic foundations via DQ method. After the presented some good results via DQ method, some different types of DQ methods have been proposed such as generalized differential quadrature (GDQ) and harmonic differential quadrature (HDQ). Some useful relations and applications of HDQ to structural mechanics problems have been showed by Strizet al. [31] . Also a detailed formulation for obtaining the weighting coefficients is given by Shu and Hue [32] . Eshaghi [33] gives an accurate solution for vibration analysis of thick sector plates. McGee et al. [34] presented exact solutions for free vibrations of thick annular sectorial plates with simply supported radial edges. Typical curvilinear DQ formulations for thick plates were defined for circular and annular plates by Han and Liew [35] . Mesh free method is used for static and free vibration analyses of thin plates with complicated shape [36] . Liu and Liew [37] had been applied the differential quadrature method for free vibration analysis of Mindlin sector plates. Frequency of curvilinear plates by DQ method is investigated by Shu et al. [38] . In past twenty years, some analytical and numerical methods have been also used for analysis of curved structures such as panels, shells, and plates with different material properties. In fact, Rayleigh-Ritz, Galerkin, finite differences, finite element methods, differential quadrature, and meshless methods have mostly used for modal and buckling analysis of plates and shell type structures in past.
Two different numerical methods such as harmonic differential quadrature (HDQ) and discrete singular convolution (DSC) have been used for free vibration analysis of annular sector plates. To achieve this, two numerical discretized approaches such as Shannon's delta and Lagrange delta sequence based discrete singular convolution (DSC) and harmonic differential quadrature methods (HDQ) have been used. Governing equations of motion for annular sector plate are obtained via conical shell equations. The results are compared with the results given by other researchers and the results calculated by FEM using the ANSYS program via thin and thick element.
Harmonic differential quadrature (HDQ)
In order to find more suitable and practical solution of the engineering problems, many numerical solution methods have been proposed and used. However, many of them have not been used by researchers. Finite element method is one of the most popular discrete methods in different engineering problems. Differential quadrature (DQ) is an effective method and widely used in different physics' and engineering problems. After the proposed of DQ method, some variation and modified kind DQ methods have also been proposed. A well-known one is the harmonic differential quadrature (HDQ) formulated by Striz et al. [31] . Harmonic type of differential quadrature used the harmonic or trigonometric functions as trial functions. Shu and Xue [32] give a detailed explicit form for the weighting coefficients in this type of DQ. For this, f (x) is taken as series expansion [31] f (x) = c 0 +
Trigonometric function is given by [32] hk (x) = (2)
for k = 0,1,2,. . . ,N. Thus, the weighting coefficients in HDQ of the first-order derivatives A ij for i ̸ = j given as below explicit form:
P(x) is defined by
for j = 1, 2, 3, . . . , N.
Also, for second-order derivatives B ij for i ̸ = j the weighting elements are as follows [32] :
Diagonal elements are:
p = 1or2; and for i = 1, 2, . . . , N.
Choices of sampling grid points
All numerical methods have their own advantages and disadvantages. Grid numbers and types of grid distribution are the main parameters on accuracy and convergence for any discrete based numerical methods. Mostly used grid type is equally sampling grids (ESG-1):
Another type of grid distribution is non-equally grid points (NESG-1) in the space directions;
Discrete singular convolution (DSC)
It is mentioned and known that the origin of the method of DSC is the theory of distributions [66] . This theory called wavelets theory is used in telecommunication and electromagnetic theory. Many researchers have been used of this method for numerical solution of some physics and engineering problems [67] [68] [69] [70] [71] [72] . Vibration, bending and buckling modeling of one and two-dimensional structural components by DSC method were presented and discussed in literature [73] [74] [75] [76] [77] [78] [79] [80] . These study show that the method of DSC is very practical and efficient for different scaled mechanical systems [81] [82] [83] [84] [85] [86] [87] [88] [89] [90] [91] [92] [93] [94] [95] [96] [97] [98] [99] . To give a brief formulation for DSC, we used the same notation given by Wei [67] . A distribution, T and η(t) as an element of the space of the test function have been considered. By using these variables, a singular convolution can be defined by [66] 
in which T(t − x) is a singular form in above equation. The regularized Shannon kernel [67] :
Hence, a discrete singular convolution is as follows [67] 
A general-order derivative is written as below:
(n = 0, 1, 2, . . . , )
If we can want to write the derivative for the second order derivative [68] 
Formulations
We obtain the annular sector plate using the α = 90 and 0 < ϕ < 360 via conical shells. Such a drawing is given in Figure 1 . The cone semi vertex angle defined by α, thickness is given by h, and L is the length of the truncated cone. The truncated cone is defined by the (x,s, z) coordinate system. The radius with small edge and large edge is denoted by R 1 and R 2 . The equations of motions of truncated cone are given by the following partial differential equation systems: For α = 90 and 0 < ϕ < 360 we obtain the annular sector plate equation. If we assume the harmonic functions for the displacement of the conical shell as:
Via above relations, the equation of motions as follows:
Related derivation terms for DSC and DQ can be written. For examples ℜ 11 can be written via DSC and DQ discretization as below, respectively:
Related derivation terms also defined for DSC
∆,σ (k · ∆s)(*) i,k+j
In the present study, two types of boundary conditions (simply supported and clamped) are used for DSC and three types of boundary conditions are used in DQ solutions. These boundary conditions have been taken into consideration listed below: Simply supported edge (S) 
From the above procedures, one can derive the general form of eigenvalue equation as follows
where
bb Gbd and U is the displacement vector on the domain. The detail of imposing of boundary conditions in DSC and DQ methods can be found in literature in detail [35-37, 48-50, 66-69] . 
Numerical examples
In this section, results about vibration analysis of annular sector and annular have been calculated via HDQ and DSC methods. Firstly, a convergence and comparison study are presented in order to validate the proposed methodology.
Some numerical examples are listed for validate the purposed methodologies for vibration problems of annular sector plates. Comparison of frequencies of annular sector plates with CCCC edge conditions have been listed in Table 1 . Results given by Shi et al. [101] via Rayleigh-Ritz method are also presented in this table. It is seen that first four modes are converged with the results given by Shi et al. [101] . It is concluded from the results that, only 11 grid points in radial direction can yield accurate results for first four frequencies. The reason of discrepancy on the results is the different solution methodology. Shi et al. [101] used Rayleigh-Ritz method. To show on the convergence and accuracy of the DSC and DQ methods, a clamped-simply supported annular plate is investigated secondly. The obtained DQ and DSC results are listed in Table 2 . To validate the present HDQ and DSC analysis based on the numerical solution of the governing differential equations of annular plate, related equations have been solved for α = 90 and ϕ = 360. So, obtained frequency for different modes for C-S annular plates are compared with the results given by Tornabene et al. [56] in the literature, as shown in Table 2 for different grid numbers, respectively. From the results, it is defined that the methods of HDQ and DSC results have good convergence with 11 grids in radial directions for small modes with those in literatures. It is also concluded that, only 7 grid points in the circumferential It is shown from these results that the convergence of the DSC method is directly related to grid numbers and other parameters such as thickness, sector angles and boundary conditions. Namely, the convergence of DSC method is good for thick plate than thin plates. Also, the sector angles also have significant effect on convergence. The convergence is faster for annular sec- tor plate has small angle. Furthermore, clamped edge and free edge have also important for convergence. Some frequency results and mode shapes are obtained for annular plates with different boundary cases. All these results have been depicted in Figs. 5-7 for annular plates via ANSYS. The methods of DQ and DSC are also performed for such analysis and produced good results for these conditions given Figs. 5-7. For comparison, the method of DSC and DQ have also been performed using (13×7) grid numbers in radial and circumferential directions, respectively. It is again concluded from the results that convergence and accuracy of DQ and DSC approaches are very good. For higher modes (15 th modes or higher modes), the method of DSC based regularized Shannon's kernel need 15 or higher grids for accuracy. This situation is also valid for DQ-NESGP. Such a detailed analysis for annular plate in view of the errors and grid numbers are also presented by Liew et al. [100] and Liu and Liew [37] via DQ method.
Liew et al. [93] used non-equally grid distributions and investigate the effects of grid numbers and modes on results for annular plates via DQ method. In Table 5 , some parametric results have been represented for annular sector plates with different grids numbers, geometric parameters and boundary conditions. The first number of grids definition in the grid numbers related to radial directions and circumferential directions, respectively. It is clearly shown that in this table, for acceptable accuracy about three significant digits 11 or higher grid points are needed in radial directions and 7 grids in circumferential directions for annular sector plates for lower modes.When a higher frequency required the grid numbers in circumferential directions become more dominant. It is also clearly concluded that sector angles and radius ratios have great influence on frequency for all modes for annular sector plate. 
Conclusions
Free vibration analysis of thick annular sector plates have been analyzed via DSC and HDQ methods, using the conical shells equation. The results produced by ANSYS have also been obtained and presented. It is seen from the results that, at least 15 grid points in radial directions can yield accurate results for higher frequency modes for annular sector plates. For annular plates, it can be also observed that 13 grid points is sufficient to obtain accurate results by DSC or DQ methods for higher mode numbers. Furthermore, the grid numbers in circumferential directions have also significant effect on convergence and accuracy. It must be used 7 grids in circumferential direction for annular sector plate to capture the efficient accuracy. By comparing the computed results with those available in published works, the present analysis by the DSC and DQ methodologies are examined and a very good agreement is observed. It is also seen that the different boundary conditions, thickness of the plates, sector angles, and mode sequences, radius ratio for annular sector or annular plate have also significant influences on the convergence properties of the DSC and DQ methods.
